
Determination of a confidence region utilizing the empirical 
model becomes a trivial task. It is obtained by solving equation 6 
together with 

(7) 

and using the established relationships for c,,,lc. For this example, 
the analysis of confidence regions, detailed in Miller and Frenklach 
(1983), revealed certain features of the experimental data which 
were not detected originally. 

NOTATION 

k 
n 
P 
s: 
t 

= coefficients of empirical Eqs. 4 
= species concentration 
= upper 5% point of F distribution with p and n - p 

degrees of freedom 
= numerically defined solution for Eq. 1 
= reaction rate constant 
= vector of reaction rate constants 
= number of observed responses 
= number of adjustable parameters, 2 in this example 
= logarithmic sensitivity of 7th resposne to ith rate 

= reaction time 
constant 

Greek Letters 

Ufj 

4 = objective function 
4 m i n  

= generalized stoichiometric coefficient of jth species 
in ith reaction 

= the minimum value of the objective function 

Subscripts 

i = reaction number 
i = species number 
r = response number 
t = at time t 
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INTRODUCTION in similar devices of smaller bore (Clark and Flemmer, 1983) have 
demanded a better understanding of two-phase downflow in pipes. 
DSRs operate as mass transfer devices using vertical bubble flow. 
Knowledge of the gas void fraction present in the pipe is essential 
for the prediction of hydrostatic head, a factor influencing mass 

in the literature, but downflow a good deal less. Both upflow and 

Relatively recent development of the deep shaft reactor (Collins 
and Elder, 1980; Cox et al., 1980 Kubota et al., 1978) and interest 
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downflow were investigated here in a 100 mm diameter pipe to 
determine whether a similar model was applicable in both con- 
figurations. 

THE DRIFT-FLUX MODEL 

In vertical two-phase flow, the average gas void fraction in the 
pipe, 6, cannot be simply equated to the volumetric flowing gas 
fraction, W,/(Wg + Wl), for two reasons. First, the bubbles rise 
in the liquid due to gravitational forces, so that the local velocity 
of the gas and liquid phases differs. Second, if the gas void fraction 
is distributed in the pipe such that a disproportionate amount of 
gas is in a region of flow with a greater or lesser velocity than the 
average velocity in the pipe, then the average gas velocity will be 
further modified. Typically both gas void distributions and velocity 
distributions have coincident maxima at the pipe center so that, 
on average, the gas is traveling faster than the liquid. Taking both 
of these factors into account, Zuber and Findlay (1964, 1965) 
presented a drift-flux model that has been accepted widely for the 
prediction of holdup and applied to various two-phase flow regimes 
in upflow (Nassos and Bankoff, 1967; Govier and Aziz, 1972; Ar- 
dron and Hall, 1980). 

where C, is a constant accounting for the interaction of velocity 
and gas void distributions, and the drift velocity term containing 
U,, accounts for the local slip between the phases. In “churn- 
turbulent” bubbly upflow, where bubble interaction and waking 
are strong, C, has been found to assume values between 1.1 and 
1.3 (Wallis, 1969; Nassos and Bankoff, 1967; Ishii and Grolmes, 
1978) and the drift velocity term is equated to the bubble rise ve- 
locity in an infinite medium, ub. The formula of Harmathy (1960) 
may be used to predict Ub for churn turbulent flow (Zuber and 
Findlay, 1964; Govier and Aziz, 1972; Clark and Flemmer, 
1984a). 

u b  = 1.53[Ug/p]1/4 (2) 
= 0.25 m/s for an air-water system 

There has been some dispute as to whether C, assumes the Same 
value in up- and downflow in similar apparatus, or whether the 
value differs between the two configurations. Zuber et al. (1967) 
found C, to be constant over a wide range of velocities in up- and 
downflow of boiling Santowax R, and recent work by the authors 
(Clark and Flemmer, 198313) has shown C, to assume a constant 
value in up- and downflow of 1.16 for air-water bubbly flow in a 
50 mm pipe. Conversely, Bhaga and Weber (1972) found C, to 
vary between the cases of upflow and countercurrent flow at low 
liquid velocities, and Martin (1976) found that C, differed between 
up and down slug flow. Oshinowo and Charles (1974) observed that 
bubble profiles, and hence C,, differed between the cases of up- 
and downflow. Brown et al. (1969), proposing a drift-flux model 
similar to that of Zuber and Findlay, implied that C, would be 
greater than unity in upflow, yet less than unity in downflow, due 
to an inversion of void profiles, but their analysis is open to ques-. 
tion, as they were obliged to assume drift velocities as low as 12 
cm/s to justify the theory in downflow. Lorenzi and Sotgia (1978) 
investigated up and down air-water flow and concluded not only 
that C, varied between the two configurations but within them 
as well. It is possible, however, that Lorenzi and Sotgia’s results were 
for a bubble flow that was more ideal than churn-turbulent. 

The disagreements illustrated above indicated that a thorough 
investigation was necessary to assess the application of the drift-flux 
model in narrow-bore DSR design. 

EXPERIMENT 

A two-phase flow loop of 100 mm pipe was constructed and a vertical 
4 m test section placed between two ball valves in the center of an 8 m 
vertical length of the loop. The valves were linked by a tierod of adjustable 

length and could be rapidly closed with a ram fed by high pressure air. 
These valves were accurately synchronized by means of a pressure balance 
technique, a novel method outlined elsewhere (Clark and Flemmer, 1984b). 
Water was made to flow either up or down the test section by means of 
valve gear in the loop, and flow was monitored using a British standard 
orifice. Air flow was measured by rotameters and introduced into the water 
stream 2 m vertically below the test section for upflow analysis and 2 m 
above the test section for downflow. The air was introduced through four 
8 mm diameter, 500 mm long copper pipes, each drilled with fifty 1 mm 
holes. These were placed within the pipe, parallel to the axis, each 30 mm 
from the pipe center, so that in cross section of the pipe the four copper 
pipes were at the corner of a square. 

The bubble rise velocity in an infinite medium, Ub, was determined by 
measuring the bubble rise velocity relative to the liquid, U,l, for a range 
of gas voidages, and regressing to find Ub as the value of Ugl at zero voidage. 
Values of the bubble rise velocity were monitored in the following way. 
A bubble flow was set up and the ball values closed rapidly and simulta- 
neously. Bubbles rose in the test section to form an ullage beneath the upper 
ball valve. A theoretical examination of such a system shows that the 
pressure in the ullage will continue to rise from the time the valves are shut 
to the time when the last bubble rises from the base of the section to the 
gas-liquid interface between the liquid and the ullage. This pressure rise 
was monitored using a sensitive pressure cell and high speed chart recorder 
to produce a plot of ullage pressure against time. The time taken for the 
bubbles initially at the base of the test section to rise to the interface, and 
hence the bubble rise velocity, were inferred from the pressure-time plot. 
The experiment was then repeated, changing the gas flow rate; in this way 
data points for U,l were obtained for a range of gas voidages in the test 
section. The rise velocity in an infinite continuum, Ub, was then determined 
by regressing on these points to predict the rise velocity as the voidage be- 
came very small. 

The gas voidage in the section was determined by closing the valves on 
a two-phase flow, allowing the two phases to separate, and observing the 
height of the gas-liquid interface in a sight glass of small bore attached to 
the test section. 

A 700 mm long full bore glass pipe was installed in the test section. This 
permitted checking that the system was in bubbly flow and that no slugs 
or, in the case of downflow, falling films were present. 

RESULTS 

The flow fitted the visual description of churn-turbulent flow 
given by Zuber and Findlay (1965). Bubble sizes ranged from 1.5 
to 5 mm in diameter, and occasional larger bubble caps were 
present. No well-developed slug flow was observed. 

The rise velocity of bubbles relative to the liquid, v,l, was de- 
termined for various voidages, and results are given in Figure 1. 
The decrease in bubble rise velocity with increasing voidage may 
be explained in terms of the last small bubbles rising to the interface 
in “ideal bubbly flow,” but this trend is not relevant to the work 
here. A regression was performed on the results using the equation 
proposed by Wallis (1969) 

(3) 

thus yielding a value for the bubble rise velocity at zero voidage. 
Best fit was found for n = 0.702 and u b  = 0.25 m/s, which is in 
exact agreement with the equation of Harmathy (1960). This value 
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Figure 1. Bubble slip velocity for a range of gas voidages (100 mm pipe). 
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Figure 2. Drift-flux plot lor upllow. 

of 0.25 m/s was then used for the drift velocity term in the Zuber 
and Findlay model, Eq. 1. 

Equation 1 shows that the Zuber and Findlay drift-flux plot is 
best illustrated on a plot of the average gas velocity, WJc,  versus 
the total superficial velocity, W, + Wi. The data gained in up- 
and downflow are shown in Figures 2 and 3. Lines show regressions 
passed through the points under constraint of the rise velocity (Y 
intercept) of 0.25 m/s. Average value of C, in upflow was 1.07 and 
in downflow 1.17. Wide scatter of the points was observed and was 
found too great to be explained in terms of varying local slip. Local 
slip might, at worst, increase due to the presence of slugs. The slug 
rise velocity is given by the formula 

. tdO.1 
0 c > o . 1  

1 BEST PIT ALL DATA C il.165 
2 BEST PIT C-zO.1 C:=1.247 
3 BEST FIT C>O.l C,,=1.054 

Figure 3. Drift-flux plot for downflow. 
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Figure 4. Modified Drift-llux plot lor upllow. 

Uslug = 0.35 (gD)0.5 
= 0.34 m/s for an air-water system 

This would raise the drift velocity, which is 0.25 m/s for bubble 
flow, by only 0.09 m/s. Scatter in valuesof W,JE, the gas velocity, 
is as broad as 0.6 m/s and so cannot be explained only by variation 
in the drift velocity term due to the presence of occasional slugs. 
Such scatter might be explained by variation in the profile constant, 
C,. Examination of the results revealed a strong trend for C, to 
vary with voidage, although data scatter was still present in plots 
of C, versus gas voidage. The coefficients for the best linear vari- 
ation of C, with voidage were found to be 

Upflow: C, = 0.934(1 + 1.42f) 
Downflow: C, = 1.521(1 - 3.676) 

All the results were finally illustrated by combining this linear 

Ic 
3.0 

1 MODIFIED TOTAL FLUX, NV~+W,M- -~ .~~C)  mnec 

Figure 5. Modified drlft-llux plot for downflow. 
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variation of C, with the conventional drift-flux plot, so that an 
equation of the form 

(4) 

arose. The gas velocity, Wg/c, was then plotted against (W, + Wl) 
(1 + C2c) to produce the modified plots with a slope of C1, given 
in Figures 4 and 5. The linear relationships used here are not pre- 
sented as a reliable correlation to describe the dependence of C, 
on the gas void fraction in all bubble flow situations, since the de- 
pendence of C, may vary for different pipe geometries. 

wg/€ = cl(1 + c2€)(wg + wl) -k u b  

DISCUSSION 

The variation of C, was in strong contrast to its constancy ob- 
served in the authors’ 50 mm pipe work (Clark and Flemmer, 
1984a), and may be attributed to a greater variation in mixture 
properties over the larger pipe diameter. Such variation supports 
the claims of Lorenzi and Sotgia (1978) and of Petrick and Kurdika 
(1966) that C, may vary, although the latter authors reported 
trends for the profile constant in upflow opposite to those observed 
here. 

The variation of C, in upflow is best explained by the work of 
Serizawa et al. (1975) and Galaup and Delhaye (1976). They ob- 
served that at low voidages void profiles were saddle-shaped, with 
a large bubble population near the wall. Such saddle-shaped pro- 
files have been observed by Ypmnge and Davis (1976) even after 
108 pipe diameters of upflow. In this case there would certainly 
be no more than the average concentration of bubbles at the tube 
center, so that by the arguments presented above the interaction 
of void and velocity distributions would not be favorable, and low 
values of C, might ensue. With an increase in voidage, however, 
Serizawa et a1 (1975) and Galaup and Delhaye (1976) observed 
that void profiles became more parabolic in shape, with a distinct 
maximum at the pipe center. This would lead to a high value of 
C, as the void and velocity distribution maxima coincided at the 
tube center. 

A similar argument may be applied to downflow. Oshinowo and 
Charles (1974) observed in downflow at low voidages that bubbles 
favored the pipe center, which would account for the high values 
of C, found at voidages less than 10%. At higher voidages a more 
even distribution would lead to lower values of the profile con- 
stant. 

The mean values of C, in upflow found here were a little lower 
than those given in the literature, but it should be noted that no 
previous study of bubbly flow in a pipe of such large diameter has 
been reported. It may be supposed that as pipe diameter increases, 
bubble behavior may become less symmetrical and less predictable. 
This trend is certainly born out by the complex behavior of rising 
bubbles in large diameter bubble columns (Lockett and Kirkpat- 
rick, 1975). 

NOTATION 

C, 
C&2 
D = tube diameter, m 
g 
n 
U = velocity, m/s 
V,l 
U,, = drift velocity, m/s 
u b  
W 
E = gas voidage, 0 
P = liquid density, kg/m3 
d = surface tension, N/m 

= Zuber and Findlay profile constant, 0 
= constants for profile interaction in Eq. 4,O 

= acceleration due to gravity, m/s2 
= exponent in Eq. 3,O 

= local slip velocity between bubble and liquid, m/s 

= rise velocity of bubble in infinite continuum, m/s 
= flux or superficial velocity, m/s 

Subscrlpts 

av. = averaged over pipe cross section 
g = refers to gas phase 
1 = refers to liquid phase 
t = total flow property 
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